The feedback control of laminar plane Poiseuille flow is considered. In common with many flows, the dynamics of plane Poiseuille flow is very non-normal. Consequently, small perturbations grow rapidly with a large transient that may trigger non-linearities and lead to turbulence, even though such perturbations would, in a linear flow, eventually decay. This sensitivity can be measured using the maximum transient energy growth. The linearized flow equations are discretized using spectral methods and then considered at one wave-number pair in order to obtain a model of the flow dynamics in a form suitable for advanced control design. State feedback controllers that minimize an upper bound on the maximum transient energy growth are obtained by the repeated solution of a set of linear matrix inequalities. The controllers are tested using a full Navier-Stokes solver, and the transient energy response magnitudes are significantly reduced compared with the uncontrolled case.
INTRODUCTION
Laminar plane Poiseuille flow (channel flow) is the steady and parallel flow between two infinite parallel planes. Its simple geometry and flow profile means that it serves as a good test case for investigating feedback control for flow systems [1] [2] [3] [4] [5] . Furthermore, plane Poiseuille flow is prone to transition to turbulence even when traditional linear analysis indicates stability. Experiments show that the flow can undergo transition for Reynolds numbers as low as 1000 [6] , even though the flow is known to be linearly stable at Reynolds numbers below approximately 5772 [7] . In common with many other flows, the state equation of plane Poiseuille flow is highly non-normal. After an initial state perturbation, the state trajectories of non-normal systems may exhibit large transients; the occurrence of transition in the linearly stable regime of plane Poiseuille flow is thought to be due to large transient growth causing non-linear effects [8] [9] [10] .
The energy of perturbations (or transient energy) is a fundamental notion in the study of turbulence, and is used in this paper as a measure of the size of the perturbations of the state. It has a physical meaning, being the energy density of the velocity perturbations. The system sensitivity is measured by the maximum transient energy growth following some energy-bounded initial state perturbation; this value is critical in determining whether the flow will trigger non-linear effects. The maximum transient energy growth has been studied for a number of fluid systems [9, 11, p. 112] . A comprehensive review of the role of transient energy growth in assessing hydrodynamic stability is provided in reference [12] .
State feedback control that can minimize an upper bound on the maximum transient energy growth is considered in this paper. The general problem of constraining transient trajectory norms by feedback control has also been considered recently [13] [14] [15] [16] [17] . These approaches all propose minimizing an upper bound on the transient behaviour. The actual maximum transient energy growth can be minimized using the methods proposed in references [18] and [19] . However, these are very computationally expensive, so in this paper an upper bound is minimized, even though the bound may be quite conservative [17, p. 668 ]. The problem of minimizing an upper bound can be solved by the solution of a linear matrix inequality (LMI) problem. An additional LMI is incorporated to constrain the energy of the control effort.
PLANE POISEUILLE FLOW
Incompressible fluid flow is described by the Navier-Stokes and continuity equations. The Navier-Stokes equations
form a set of three coupled, non-linear, partial differential equations representing conservation of momentum, where U ! is velocity, P is pressure, r is density (uniform), and m is viscosity (uniform), and the continuity equation
is an additional constraint representing the conservation of mass. Laminar Poiseuille flow, shown in Fig. 1 , has a parabolic streamwise velocity profile, with no slip occurring at the bounding parallel planes. It undergoes transition to turbulence when small perturbationsũ u~u, v, w ð Þ , p about the steady base profile, U U b~1 { y=h ð Þ 2 U cl , 0, 0 , P b , grow spatially and temporally to form a self-sustaining turbulent flow. The Navier-Stokes equations for the perturbations about the base flow,Ũ U b , become
Assuming the perturbations to be small compared with the base flow, the second-order non-linear term u u : + ð Þũ u can be discarded. Non-dimensionalizing equation (3) by dividing length scales by the channel half-height h, dividing velocities by the base centreline velocity U cl , and dividing pressure by rU 2 cl gives
where R :5 rU cl h/m is the dimensionless Reynolds number. Being linear, the continuity equation (2) simply becomes
Fluid flowfield velocity and pressure, and wall shear stresses, can be measured. The flow can be influenced by the manipulation of the conditions on its boundaries, for example by wall transpiration, which is the injection and suction of fluid at the walls. The state of the flow can be determined from shear stress measurements at the walls. Hence, active feedback control of the evolution of transition is feasible. The proposed scheme is shown in Fig. 1 . However, equations (4) and (5) are infinite dimensional, so, in order to be able to use standard finite-dimension control methods, and to ensure that the controller is practically implementable, these equations must be approximated by a finite-dimension linear timeinvariant system of the form
However, a straightforward discretization results in a singular system of the form Eẋ 5 Ax + Bu, where E is singular. This is a consequence of the algebraic constraint imposed by continuity equation (5), which does not contain pressure.
To proceed, the pressure perturbation term is eliminated from equation (4) by substituting equation (5) , giving an expression for the wall-normal velocity
Fig. 1 Plane Poiseuille flow
For a complete description of a three-dimensional flow perturbation, a second equation is required to describe the wall-normal vorticity, g, where
and equations (4) and (5) give
To implement control by wall transpiration, the no-slip wall boundary conditions at y 5 ¡1 are replaced with prescribed wall transpiration velocities, u(¡1) 5 0, v(¡1) ? 0, w(¡1) 5 0. It is assumed that disturbances onũ u exist in the streamwise (x), wall-normal (y), and spanwise (z) directions. Variations in the wall-normal direction are assumed to be non-periodic and are represented by a modified Chebyshev series that fulfils the wall boundary conditions. Variations in the streamwise and spanwise directions are assumed to have a periodic representation, R(e i(ax+bz) ), so flow disturbances grow in time, but not in space. The terms a and b are the streamwise and spanwise wave numbers respectively. Substituting the assumed solutions into equations (8) and (10) and assuming an exponential time variation results in the classical Orr-Sommerfeld and Squire equations respectively. After some manipulation of the equations, boundary control of the linearized Navier-Stokes equations in a channel at a particular wave-number pair (a, b) (with associated variables denoted by u , , v , , etc.)
can be represented as a linear state-space system in the standard form of equation (6). The linearized Navier-Stokes equations are evaluated at N locations in the wall-normal direction (with the locations more closely spaced near the walls), and the state variables x are the Chebyshev coefficients of the wall-normal velocity, v , , and vorticity, g , , perturbations concatenated with the upper and lower wall v , transpiration velocities. For details, see reference [20] . In this paper, state feedback is used, so it is assumed that the system state can be accurately measured. The inputs, u, are the rates of change in symmetrical and antisymmetrical components of wall transpiration velocity. Since these are rates of change, the system contains two integrators, with eigenvectors representing symmetrical and antisymmetrical steady state transpiration from the walls. The Chebyshev coefficients are complex, but the statespace system is made real valued by decomposing it into its real-and imaginary-valued parts. The test case considered here is a 5 0, b 5 2.044, and R 5 5000. This test case is linearly stable but has the largest transient energy over all unit initial conditions and time and wave-number pairs, and represents the very earliest stages of the transition to turbulence. The model is discretized in the wall-normal direction with N 5 20. The order of the resulting model is 2N22. A 38th-order plant model is high for control purposes, but errors become significant at lower values of N [20] . Modelling the turbulence itself would involve using many more degrees of freedom. For a full derivation of the state-space model, see reference [20] .
CONTROL OF TRANSIENT ENERGY GROWTH
Consider the asymptotically stable, linear, timeinvariant system described by the initial-value problem 
where P 5 P T . 0 satisfies
which is the well-known Lyapunov inequality (here, a strict Lyapunov inequality as in reference [21] is used, which overcomes some numerical difficulties in the subsequent LMIs [16] ), and l max (P) denotes the maximum eigenvalue of P. A proof of the above can be found in reference [19] .
A minimal upper bound can be obtained by solving the following LMI generalized eigenvalue problem (GEVP) [ 
and with the changes in variable, Q 5 P 21 and Y 5 KQ, the LMI
is obtained. Now, because l max (P)l max (P 21 ) 5 l max (Q)l max (Q 21 ), it is possible to obtain a controller that minimizes the upper bound of the maximum transient energy growth by solving the following LMI generalized eigenvalue problem (GEVP) min c subject to I¡Q¡cI
and the upper-bound minimizing controller is
For a practical design, it is necessary to limit the expenditure of control effort. This can be done by simultaneously solving the above LMI with one described in reference [22, p. 103] as follows. A norm on the control input u(t) 5 Kx(t) is
If Q and Y satisfy problem (19) and
The induced 2-norm is equal to the largest singular value
Hence, a constraint
can be obtained by a solution of the LMIs
Furthermore, the constraint on the initial conditions x(0) T Q 21 x(0) ( 1 can be replaced with the constraint x(0) T x(0) ( 1, providing it is more restrictive. The sphere c T c 5 1 lies within the ellipse c T Q 21 c 5 1 if the shortest ellipse semi-axis of Q 21 is greater than or equal to 1, i.e. 1 . ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
¢1. Thus, the system of LMIs to be solved to restrict the control effort to m 2 from initial conditions
The complete LMI problem to stabilize the system, minimize the upper bound of the transient growth, and limit the control effort becomes min c subject to I¡Q¡cI
Note that a constraint on the rate of transient decay can be simultaneously incorporated into this expression [13] .
RESULTS AND SIMULATIONS
The transient energy e(t) of the linearized system with no wall transpiration is shown in Fig. 2 , and has a maximum transient energy growth ê 5 4941. This value differs slightly (by less than 1 per cent) from the value given in reference [23] of ê 5 4897, owing to the approximations made with N 5 20. For larger values of N, the LMI problem becomes difficult to solve. The problem is first solved without any restriction on the control effort, that is, a controller that satisfied problem (19) was obtained. The upper bound is ê u 5 1722. The transient energy e(t) is shown in Fig. 3 . The actual maximum transient energy growth is ê 5 883. There is quite a large gap between the upper bound and the actual value, as noted in reference [17, p. 668] . As expected, the control gains are impractically large, with the largest control gain element being max |K| 5 776.5610 3 .
The effect of including the constraint on the control signal (23) is investigated next. Problem (26) is solved for a range of values of m. The resulting ê u and corresponding ê are shown in Fig. 4 . Inter-estingly, ê is not lowest when m is greatest. This was also seen for the Lorenz equation control system studied in reference [24] . In fact, minimal ê occurs for m z 20. For m 5 20, the upper bound is ê u 5 1722 and is only marginally greater than the minimal value. The actual maximum transient energy growth is ê 5 825, and the transient energy e(t) is shown in Fig. 5 . The largest control gain element is max |K| 5 13.64. Figure 6 shows the worst-case wall control u wc 5 Kx wc , where x wc is the transient x(t) that results in the largest energy gain. Note that the second control signal is zero. The details are discussed in references [20] and [25] .
The control effort can be substantially reduced without a significant performance deterioration by setting m 5 0.8. The transient energy e(t) is shown in Fig. 7 , and the actual maximum transient energy growth is ê 5 842. Figure 8 shows the worst-case wall control u wc . Again, note that the second control signal is zero. Both the control signal magnitudes and the control gains are small, with the largest control gain element max |K| 5 0.558.
A finite-volume computational fluid dynamics (CFD) Navier-Stokes solver is used for non-linear simulation of the system. This solver makes no assumption of spectral behaviour, solves the full non-linear Navier-Stokes equations, and is completely independent of the spectral code used for the controller synthesis and linear simulations. The full Navier-Stokes solver employs an unstructured, collocated grid, and is capable of representing complex geometry, for example as utilized in reference [26] , although a simple structured mesh of the channel is used in the present work. A second-order central differencing scheme is used to discretize the spatial terms, and a first-order Euler implicit scheme is used for time marching. See reference [20] for further details.
In order to perform comparative assessment of the CFD results, a datum perturbation energy for the initial condition is defined. The value is set at ||x * 0 || 2 5 E c 5 2.26610 29 . This value is 8.5610 29 of the base-flow energy density and is approximately 1/100th of the open-loop streamwise vortex transition threshold of 2.56-2.65610 27 as determined by Reddy et al. [27, p. 292] . From the linear model, the initial conditions that result in the 'worst-case' response are determined, i.e. the initial conditions such that the resulting state response x * wc (t) satisfies max{||x * wc (t)|| 2 : t > 0} 5 ê. Here, the response energy from these initial conditions, ||x * wc (t)|| 2 , is called the worst-case response energy. The worst-case response energy with initial energy 10 4 E c for the uncontrolled flow is shown in Fig. 9 (labelled 'Linear') , along with the corresponding response energy from the same worst-case initial conditions obtained from the CFD simulation (labelled 'Non-linear'). The peak linear response energy is over 4 times greater than the non-linear CFD response energy. At t z 120 the energy peaks, indicating that the CFD simulated flow has saturated.
The minimal upper-bound controller with control effort constraint m 5 0.8 is considered next. The worst-case response energy with initial energy E c is shown in Fig. 10 , along with the corresponding response from the CFD simulation. The responses are very close, showing that the linear approximation is good, and that the states have remained in the linear region. The worst-case response energy with initial energy 10 4 E c is shown in Fig. 11 . The nonlinear response saturates, but the peak is far less than the open-loop response energy from the same initial condition energy shown in Fig. 9 .
CONCLUDING COMMENTS
The minimization of an upper bound of the maximum transient energy growth of plane Poiseuille flow by state-variable feedback has been considered. A periodicity assumption on the flow velocity field is made, and the controllers are designed for a single wave-number pair. This assumption has practical limitations; control of non-periodic plane Poiseuille flow has been tackled in reference [28] . The derived linear model has a higher order than is usual for control design. Devising model order reduction methods that retain the modes that are significant for stability and high transient energy growth remains for future work. Although H ? -, H 2 -, and L 1 -based measures are usually preferred for control system design [29], transient energy is useful in fluid flow control because it is relatively easy to verify through CFD simulation. The use of H ? and H 2 norms as stability measures for fluid flow systems is discussed in detail in reference [4] .
Methods have been devised to minimize the actual maximum transient energy growth rather than the upper bound [18, 30] , but these are very computationally intensive and result in very high-order controllers. The phenomenon of high transient energy growth is often a symptom of non-normality, a property of many fluid flow systems. It is envisaged that the approach used here will be suitable for analysing and designing linear control systems for any fluid control system that is very non-normal.
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